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Abstract 
Energy levels of the Schr6dinger quation for the double-well potential V(x, y, z; 2, Z 2) = - ½ Z2[x 2 + y2 + z z] + 
½ 2[axx x4 + arty 4 + azz z4 + 2a~rxZy z + 2a~zx2z 2 + 2arzyZz 2] in a three-dimensional system are calculated using the Hill 
determinant approach for several eigenstates and large values of the perturbation parameters (2and Z2). Emphasis is 
specially placed on the larger values of Z 2, because the eigenvalues for different states have almost degenerate 
eigenvalues. Some of the results calculated by the Hill determinant approach are compared with the results produced by 
other techniques. 
Keywords: Schr6dinger quation; Double-well potential; Hill determinant approach; Numerical results and discussion 
1. Introduction 
There is an extensive range of numerical techniques in the literature to deal with eigenvalue 
problems [1-19]. The abundance of studies of the one-dimensional case is much less than for the 
multidimensional case. 
The purpose of this paper is to calculate the energy levels of a double-well potential in three 
dimensions. The number of published calculations for double-well potentials in the multidimen- 
sional system is rather small. On the other hand, for the problem of a double-well potential in 
a one-dimensional system, 
V(X; Z 2)  = - -  Z2x 2 -q- x 4, (1) 
everything seems to be known about it, such as the energy levels and the corresponding wavefunc- 
tion, either numerically or analytically [2-8, 11, 16, 19], but this information is not available for the 
double-well potential in a multidimensional system. Examples of such potentials occur in the study 
of the spectra of molecules for which the potential has been modelled as a double-minimum well. 
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In this paper we shall present some extended numerical calculations by using the Hill determi- 
nant technique (iterative technique) to calculate the energy levels of the Schr6dinger equation for 
a double-well potential for a wide range of values of the perturbation parameters (Z2 and 2) and for 
several eigenstates. The convergence of the energy depends upon the choice of the value of an 
adjustable parameter c~ and an initial estimate nergy value. However the convergence rate is 
relatively good, with a better choice of values for an adjustable parameter ~ and trial energy E as we 
will see later. 
In rectangular coordinates the Schr6dinger equation for the double-well potential 
V(x, y, z; 2, Z2) in a three-dimensional system can be written as 
--~ -~x2 +-~yZ +-~y2 + V(x,y,z;2,Z 2) ~,=,,,,,=(x,y,z)=ETJ,=,,,,,.(x,y,z), (2) 
where V(x, y, z; 2, Z:) is given as 
V(x, y, z; 2,z  2 )  = - ½ z2[x: + y2 + z:] 
+ ½ 2[axxX 4 + ayyy 4 + a=zy 4 + 2a=yx:y 2+ 2ax:XZZ 2 + 2ayzX2Z2]. (3) 
The depth of the double well is controlled by the parameter Z 2. The Hill determinant approach 
works well for small and medium values of Z:; as Z 2 increases, the depth of the well increases and 
for a deep well the convergence d creases. The eigenvalue spectrum of the Schr6dinger equation (2) 
with V(x, y, z; 2, Z:) has the feature that the lower eigenvalues for states Eo0o, E~oo, Ea~o and 
Ea I a are closely bunched in one group if the values of Z:  are sufficiently large. As Z z increases, the 
magnitude of the splitting between these levels decreases, i.e., 
IElal - Eoool = IEooo - E~ool -- IE~oo - E11oJ = AE ~ 0, (4) 
the splitting AE will be small at the bottom of the well and will increase as they approach the top of 
the barrier (see Figs. 1 and 2). When AE has its minimum value, the nearly degenerate eigenfunc- 
tions have equal weight in each potential well. 
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Fig. 1. Energy levels for some eigenstates (n:,n~,nz) for different values of  Z 2 for the case a~x = art = a= = axr = ax~ 
=ay== 1, a t2= 1. 
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Fig. 2. Energy levels for some eigenstates (nxnrn=) for different values of Z 2 for the case a~x = art = a= = 1, 
e.xr = ax= = arz = 0, at ~ = 1. 
The double-well potential given by Eq. (3) is nonseparable in cartesian coordinates, but shows 
a high symmetry, and due to this symmetry it is possible to cut down the amount of computat ion 
needed in the program. 
Our work is also intended to point out the flexibility and applicability of the Hill determinant 
approach which gives it an advantage over the power series method, which can only work 
for the two special cases axx = art = a== = axr = ax= = ar~ = 1 and ax~ = ay r = a= = 1, 
axy = ax= = ay= = 0 in which the potential has a spherical symmetry and reduces to three indepen- 
dent double-well potentials respectively. 
For the purpose of clarity, this paper is divided into three sections. In Section 2 we are concerned 
with the Hill determinant approach and its use in calculating energy eigenvalues for several 
eigenstates. Section 3 contains a discussion of the numerical results. 
2. The recurrence relation for the double-well potential V(x, y, z; Z 2) using the Hill determinant 
approach and its use 
The Hill determinant approach is a nonperturbative t chnique for solving the Schr6dinger 
equation in one- and two-dimensional systems, which gained a certain popularity in the numerical 
calculation of eigenvalues of various potentials [17, 18]. The extension of this technique into 
a double-well potential in a three-dimensional system needs some modification, requiring the 
handling of large determinants. 
To calculate the energy levels of the Schr6dinger equation, we introduce the wavefunction which 
has the form 
~.~ .y .= (x, y, z) = exp [ - ½ ~(x 2 + y2 + z2) ]  E H(M, N, L) (x u yS zL). (5) 
M,N,L  
The next step is to substitute 7J.x,,y,.. (x, y, z) in the Schr6dinger equation (2), and after some 
algebra we obtain the following recurrence relation: 
2[~(M + N + L + 1.5) - E] H(M, N, L) = W(M, N, L), (6) 
132 M.R.M. Witwit /Journal of Computational nd Applied Mathematics 67 (1996) 129-140 
where 
W(M, N) = (M + 2)(M + 1)H(M + 2, N, L) + (U + 2)(U + 1)H(M, U + 2, L) 
+ (L + 2)(L + 1)H(M, N, L + 2) 
+ (~2 + zZ) [H(M _ 2, N, L) + H(M,  N - 2, L) + H(M,  N, L - 2)] 
- 2[axxH(M - 4, N, L) + ayrH(M, N - 4, L) + a,zH(M, N, L - 4)] 
- 22[a~,H(M - 2, U - 2, L) + ax~H(M - 2, N, L - 2) 
+ arcH(M, N - 2, L - 2)]. (7) 
To compute the energy eigenvalues, we use the recurrence relation (6). The first step is to choose the 
quantum numbers n~, n r and nz (0, 1, 2 . . . .  ), thus specifying which particular state is being treated. 
Then initial values (Mo, No, Lo) are chosen to start the calculation, with coefficient H(Mo, No, Lo) 
set equal to one and kept fixed throughout. All the H(M, N, L) with (M, N, L) ~ (M~, No, Lo) are 
then calculated sequentially from the relation 
H(M, N, L) = W(M, N, L)[2~(M + N + L + 1.5) - 2El  -1 (8) 
for some fixed ct and some trial E value, up to finite maximum values of M, N and L. The energy 
estimate is revised using relation (8) for the special case M = Mo, N = No, L = Lo. The coefficient 
on the left-hand side becomes H(Mo, No, Lo) = 1, since this initial condition was imposed on the 
algorithm. The revised energy Ee thus takes the form 
Ee = 0c(Mo + No + Lo + 1.5) - ½ W(Mo, No, Lo), (9) 
but it is sometimes useful to set the revised energy equal to 
E = RE, + (1 - R)E, (10) 
where R is a relaxation parameter and (10) is understood as an assignment statement. After many 
cycles the energy estimate converges. The upper limits on M, N and L can then be increased and the 
calculation repeated, until eventually the energy is unaffected by a further increase in the upper 
limits. The upper limit in our calculation is (M, N, L = Q = 65). 
In the case ais = ajt, I, J = x, y, z, we exploited the interchange symmetry between the coordi- 
nates x-y-z ,  if the eigenstates have even-symmetry, i.e., 
H(M, N, L) = H(N, M, L) = H(M, L, N)  = H(N, L, M)  = H(L, N, M)  = H(L, M, U). ( l l)  
The indices have the ranges set out below if the eigenstates have even-symmetry: 
M = 0, 1,2, ...,Q, 
(fixed M) N = 0, 1, 2 . . . .  , M, 
(f ixedM, N) L=0,1 ,2  . . . . .  N. 
The arrays (M, N, L) of the coefficients are scanned in the order given above. 
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But in the case a1~ 4: a j/ we needed to calculate all the elements of H(M,  N, L), so our 
calculations took more time than the previous case, and the indices have the ranges et out below: 
M = 0, 1,2, ... ,Q, 
( f ixedm) N=0,1 ,2 , . . . ,Q ,  
(fixedM, N) L=0,1 ,2 , . . . ,Q .  
The concept of the symmetry has played a fundamental role in our calculations. In addition, the 
knowledge of x-y -z  symmetry reduces the amount of computation required to do our calculations. 
In order to speed up the convergence of energy, we must choose the proper initial estimate of 
and E, and from our experience the best initial energy to start the calculation is a little higher than 
the required eigenvalue. 
We should point out that Aitken's transformation has been used in order to increase the 
accuracy of our results and to accelerate the rate of convergence of our calculations. 
If S,, S, + 1, S, + 2 are three successive partial sums, then an improved estimate is 
S. = S, [AS"]2 [S,+, - S,] 2 (12) 
AZsn - S, - -  [Sn+ 2 __ 2S,+x + S,]" 
Relation (12) has been used to improve the convergence of the calculations and it has helped in 
improving the accuracy of our listed results in Tables 1-3. 
The power series [15] can be used to compute the energy eigenvalues for the Schr6dinger 
equation (2) in some cases. When the relationship (all = aji = 1; I, J = x, y, z) holds, Eq. (2) has 
a spherical symmetry. The energy levels are then most appropriately characterized by the quantum 
numbers (nr, () rather than (nx, ny, n~). Letting x = r sin 0 cos ~b, y = r sin 0 sin ~b and z = r cos 0, 
such that r z = x 2 + y2 + Z2, the radial part of the Schr6dinger equation (2) takes the following 
form, after using the usual factorization: 
T,r,/,M (r, O, ¢) = r-1Re(r ) Ye, M(O, cp), (13) 
l[d  1 2 dr 2 + V(r) R~(r) = ER~.(r), (14) 
where 
V(r) = 4({ + 1)r -2 - Z2r 2 + 2r 4. (15) 
By studying the form of the Schr6dinger (14), we found that the above form of Eq. (14) can be used 
in the case ax~=ayy=azz=l ,  axy=a~=ay~=0 by setting (=0 and r replaced by xl, 
I = 1, 2, 3;(xl = x, x2 = y, x3 = z). 
We use the power series method to compute the energy eigenvalues for the potential (15) for 
several eigenstates and for different values of Z 2 (0.0 ~< Z 2 ~< 102). We have found that the method 
works very well to determine the energy eigenvalues, and give high accuracy. Our results are in 
good agreement with those calculated by the Hill determinant approach. The results are listed in 
Tables 1 and 2, and compared with the corresponding values obtained by the Hill determinant 
approach. 
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Tab le  1 
E igenva lues  of  the  doub le -we l l  potent ia l  V(x, y, z; Z z, 2 = 1) in a th ree-d imens iona l  sys tem,  for  severa l  e igen-  
s ta tes  Enx,ny, nz, fo r  the  case  axx = ay r = azz = axy = axz = a~,z = 1 
Z2 Eooo Eaoo E l lo  E l i1  
0.18998365149011 0 .3554222083911  0 .54212190001101 0 .74617057605101 
0.0 - - - 
0 .1899836514901  0 .3554222083911  0 .54212190001101 0 .74617057605101 
0 .18544660323931 0 .34872194468571 0 ,53353909163651 0 .7358837682827 l 
0.1 - 
0 .18544660323931 0.34872194468571 0 .53353909163651 0 .73588376828271 
0 .16668896649441 0 .32123173087471 0 .49847931888901 0 .69398479103771 
0.5 - - - 
0 .16668896649441 0 .32123173087471 0 .49847931888901 0 .69398479103771 
0 .14172681010601 0 .28519927292171 0 .45291408065401 0 .63983107617911 
0 .14172681010601 0 .2851992729217 t 0 .45291408065401 0 .6398310761791 1 
0 .8565139488838 0 0 .20670950701061 0 .35527179700401 0 .52498028146731 
2 - - - 
0 .856513948884 0 0 .20670950701 1 0 .35527179701 0 .524980281461 
- 0 .16253376811901 - 0 .10146373046251 - 0 .0638712469550o 0 .11426091886951 
- 0 .162533768111 - 0 .10146373051 - 0 .0638712469o 0 .11426091891 
- 0 .10316773442202 - 0 .10083260913462 - 0 .9627399472 i '701  - 0 .8965999924561 l 
10 - - - 
- 0 .103167734 2 - 0 .100832609 2 - 0 .9627399471 - 0 .8965999931 
- 0 .25420693642092 - 0 .25276454855542 - 0 .24989439647682 - 0 .24562414123652 
15 - - - 
- 0 .254206936 2 - 0 .252765 2 - 0 .249894392 - 0 .24562414 2 
- 0 .46863185458932 - 0 .46758089484362 - 0 .46548292075752 - 0 .46234566758872 
20 . . . .  
- 0 .468631854 2 - 0 .46758089 2 - 0 .465482922 - 0 .46234567 2 
- 0 .74609728071102 - 0 .74526871787042 - 0 .74361307884282 - 0 .74113332552552 
25 - - - 
- 0 .7460972812 - 0 .745268712 - 0 .74361308 2 - -  0.7411333 2 
- 0 .10864384736573 - 0 .10857539320073 - 0 .10843831266993 - 0 .10823321523713 
30 - - - 
- 0 .10864385 3 - 0 .1085754 3 - 0 .1084383  - 0 .10823323 
- 0 .19554044376513 - 0 .1954895843518 3 - 0 .19538788611963 - 0 .19523539017213 
40 - - - 
- 0 .195540443 - 0 .19548963 - 0 .19538793 - 0 .19523533 
- 0 .30751004545143 - 0 .30746955696423 - 0 .30738858820043 - 0 .30726715556453 
50 - - - 
- 0 .30751013 - 0 .307469 3 - 0 .307388 3 - 0 .307267 3
75 - 0 .69700795872823 - 0 .69698111621443 - 0 .69692743275953 - 0 .69684691150863 
- 0 .697008 3 - 0 .69698 3 - 0 .6969273 - 0 .696853 
100 - 0 .12429258192134 - 0 .12429057297344 - 0 .12428655512604 - 0 .12428052847654 
- 0 .124294 - 0 .124294 - 0 .124294 - 0 .124284 
Note: The resu l ts  in the  first l ine a re  the  power  series ca lcu la t ions ,  and  those  in the  second l ine cor respond to  
the  Hi l l  determinant  approach .  The  smal l  numbers  w i th  under l ines  such  as o, 1, 2, 3, 4 mean that  the  number  is 
mul t ip l ied  by  1, 10, 10 z, 103, 104, respect ive ly .  
3.  Resu l ts  and  d iscuss ion  
The H i l l  determinant  approach  has  been  app l ied  in  th i s  paper  fo r  the  Schr6d inger  equat ion  w i th  
a doub le -we l l  potent ia l  in  a th ree-d imens iona l  sys tem.  E igenva lues  fo r  d i f fe rent  va lues  o f  Z 2, 2 and  
s ta te  numbers  nx ,  ny ,  nz  a re  l i s ted  in  Tab les  1 -3 .  
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Tab le  2 
E igenva lues  o f  the  doub le -we l l  potent ia l  V(x, y, z; Z 2, )~ ~- 1) in  a th ree-d imens iona l  sys tem,  fo r  severa l  e igen-  
s ta tes  E ,~, ,  . . . . .  fo r  the  case  axx = a~,  --- a~ = 1, axy = a:,~ = ar~ = 0 
Z 2 Eooo  E loo  E l lo  E l l l  
0 .15905431357261 0 .29601986053851 0 .43298540750431 0 .56995095447021 
0 .0  - - - 
0 . 1 5 9 0 5 4 3 1 3 5 7 2 6 1  0.29601986053851 0 .43298540750431 0 .56995095447021 
0 .15357141649231 0 .28782754756751 0 .42208367864281 0 .55633980971801 
0.1  - - - 
0 . 1 5 3 5 7 1 4 1 6 4 9 2 3 1  0.28782754756751 0 .42208367864281 0 .55633980971801 
0 .14798013238981 0 .27950380909351 0 .41102748579711 0 .54255116250091 
0.2  - - - 
0 .14798013238981 0 .27950380909351 0 .41102748579711 0 .5425511625009 1 
0 .12442259644471 0 .24478636665051 0 .36515013685631 0 .48551390706211 
0 .6  - - - 
0 .12442259644471 0 .24478636665051 0 .36515013685631 0 .48551390706211 
0 .38199856354800 0 .12308256459621 0 .20796527283751 0 .29284798107891 
1.8 - - - 
0 .38199856354800 0 .12308256459621 0 .20796527283751 0 .29284798107891 
0 .01909936541000 0 .74535606974810 0 .14716127740861 0 .21978694784241 
2.2  - - - 
0 .01909936541000 0 .74535606974810 0 .14716127740861 0 .21978694784241 
-0 .39964170936750 0 .20455475575410 0 ,8087512208755o 0 .14129476859971 
2.6  - - - 
- 0 .39964170936750 0 .20455475575410 0 .80875122087550 0 .14129476859971 
-0 .11685339522701 -0 .73977495363460 - 0 .31101595499950 0 .11774304363510 
3.2 - - - 
- 0 .11685339522701 -0 .73977495363460 - 0 .3110159549995o 0 .11774304363510 
- -0 .25655256751991 - -0 .23343116961661 - -0 .2103097717133 1 - 0 .18718837380991 
4 .0  - - - 
- -  0 .25655256751991 - 0 .23343116961661 - 0 .21030977171331 - 0 .18718837380991 
- -0 .51152141418591 - -0 .50354804423841 -0 .49557467429091 - -0 .48760130434341 
5.0 - - - 
- 0 .5115214141861 - -0 .5035480442381 - 0 .4955746742911 - -0 .4876013043431 
- -0 .15506133115812 - 0 .15504284711592 - 0 .15502436307372 - 0 .15500587903152 
7.5 - - - 
- 0 .155061331162 - 0 .155042847122 - 0 .155024363072 - -  0 .155005879032 
- 0 .30950365054422 - -0 .30950350145152 - -0 .30950335235882 - -0 .30950320326612 
1 0  - - - 
- -  0.30950365052 - 0 .3095035014 - 0 .30950335232 - 0 .30950320322 
- 0 .76262080926572 - 0 .76262080926482 - 0 .76262080926382 - -0 .76262080926282 
15 - - - 
- 0 .76262080922 - 0 .76262080922 - -0 .76262080922 - -0 .76262080922 
- -0 .14058955637683 - 0 .14058955637683 - 0 .14058955637683 - 0 .14058955637683 
20  - - - 
- 0 .1405895563 - 0 .14058955633 - -  0 .14058955643 - 0 .1405895563 
- 0 .22382918421333 - 0 .22382918421333 - -  0 .22382918421333 - 0 .22382918421333 
25  - 
- -0 .2238291843 - 0 .223829183 - -0 .223829183 - 0 .223829184 3 
- 0 .32593154470973 - 0 .32593154470973 - -0 .32593154470973 - 0 .3259315447097 3 
30  . . . .  
- 0 .3259315443 - -  0 .325931543 - -  0 .325931543 - -  0 .3259315443 
- -  0 .58662133129533 - 0 .58662133129533 - 0 .58662133129533 - -  0 .58662133129533 
40  - 
- -  0 .586621333 - -  0 .5866213 - -  0 .5866213 - -  0 .586621333 
- -0 .92253013635413 - -0 .92253013635413 - 0 .92253013635413 - -0 .92253013635413 
50 - - - 
- 0 .92253013 - -0 .9225303 - 0 .9225303 - 0 .92253013 
- 0 .37288018205134 - -0 .37288018205134 - 0 .37288018205134 - -0 .37288018205134 
100 - - - 
- -  0.37288014 - 0 .372884 - -  0 .372884 - 0 .3728804 
Note: The resu l t s - in  the  f i r s t  l i ne  a re  the  power  ser ies  ca lcu la t ions  and  those  in  the  second l ine  cor respond to  the  
H i l l  determinant  approach .  The  smal l  numbers  w i th  under l ines  such  as  o, 1, 2, 3, 4 mean that  the  number  is  
mu l t ip l ied  by  1, 10, 102, 103, 104, respect ive ly .  
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Table 3 
Eigenvalues of the double-well potential V(x, y, z; Z 2, 2) in a three-dimensional system for several sets of perturbation 
parameters and eigenstates E,~,,y.,, 
axx = ½, ayy l 1 1 = 7, azz = ~, axy = 5, ax~ = 2, arz = 7 
Z 2 2 Eooo Eloo Eolo Eool 
0.0 0.0 0.751091166 1.4357653 1.3646753 1.40294421 
1,0 1.5 1.35032148 2.8300201 2.598149 2.7311608 
5.0 2.0 - 1.295 -0.1147 - 1.029 -0.4159 
7.5 75 5.83759 11.633449 10.88441 11.301612 
10 102 6.310738 12,64270374 11,805189 12,273344 
102 103 10,28238 22.645867 20.411201 21.72094 
103 105 63.10738 126.427037 118.05189 122.733419 
Z 2 2 Eoxl E,o~ Ello Eta, 
0.0 0.1 2.06349638 2.153556009 2.2638245633 3.0073903175 
1.0 1.5 4.1155708 4.3956387 4.7089018 6.33766756 
5.0 2.0 0.0515 0.9137 1.4464 2.4907 
7.5 75 16.8149861 17.740989 18.8233348 25.16575398 
10 102 18.2860812 19,318654 20.51938275 27.45371636 
102 103 33.3110118 35.759694 38.6228258 52.2799736 
103 105 182.860812 193.1865438 205.1938275 274.5371636 
ax~ = art = azz = x/~, axy = axz = arz = x /~ 
Z 2 2 Eooo E~oo = Eolo = Eool El lo  = Eoll = Elol El l!  
0.0 0,1 1.0185097975501 1.90526749 2.9214973532 4.040072440087 
1.0 1,5 2.1576837272213 4.17944233 6.546304361 9.180217945544 
5.0 2.0 0.9154169900207 2.558066 4.6831835 7.154554571187 
10 5 0.9776359520237 3.118167 5.930198 9.219857941138 
10 102 9.32478075709 17.7866270 27.6057018 38.484051624891 
102 103 17.8384287782 35.0466441 55.343615 78.0142184296 
103 105 93.247807571 177.866269 276.057018 384.8405162489 
axx = ary = azz = ½, axy = axz = arz = 
Z 2 2 Eooo Eloo = Eolo = Eoo, E l lo  = Eol l  = Elol  E l l l  
0.0 8.482670114872 15.823324447 24.885249453 35.09592163227 
5 7.966971438667 15.057365773 23.940650343 33.99476748396 
10 7.43324501608 14.27004592 22.976392705 32,87512522036 
15 6.87998556163 13.55989358 21.99154266 31.73631314263 
20 6.30551027769 12.62528086 20.98510598 30.57761793732 
25 102 5.7079336358 11.7643995 19.95602325 29.39829318103 
30 5.0851381812 10.8752324 18.9031646 28.19755775761 
40 3.754052434 9.002709 16.7212116 25.7285469067 
50 2.289237975 6.98585 14.428551 23.1635763592 
60 0.661104287 4.76624 12.01288 20.4949609949 
75 -2.17473495 1.1019 8.1268 16.279006505 
150 -2.8056 0.855 8.8942 18.197008 
200 2.189235 5.1672 14.19063 24.7877035 
250 2.189236 8.2382 18.19810 29.9024956 
102 500 7.7647089 17.279163 30.7789067 46.4633216 
750 10.90930669 22.650328 38.61363104 57.0321973 
103 13.19267347 26.633713 44.53156639 65.09753292 
104 37.153694386 70.148172 111.43992779 158.158927037 
105 83.809057383 156.717757 246.97859403 348.771381557 
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In Table 1 the values of the energy are calculated over a wide range of 0 ~< Z 2 ~< 10~t 2 = 1 
for the case axx = art = a~z = axr = axz = at= = 1 (spherical symmetry) for several eigenstates 
with even-parity such as Eooo, E111 and mixed-parity such as Eool,Eolo, Eloo, Eoll,E~o~, 
El10. 
The energy eigenvalues for the case axx = art = azz = 1, ax r = ax= = ar~ = 0 in which the poten- 
tial reduces to three independent double-well potentials in a one-dimensional system are cal- 
culated, and their energy eigenvalues are quoted in Table 2, for several eigenstates and various 
values of 0 ~< Z 2 ~< 10 2. 
We used two techniques to produce our results in Tables 1 and 2: the power series and the Hill 
determinant approach. It is noteworthy that the two techniques work equally well at small values 
of Z 2, our results are compared with each other. We observed that the power series gives better 
accuracy than the Hill determinant approach and the accuracy seems insensitive to higher values of 
Z 2. However, for higher values of Z 2 the Hill determinant approach does not converge very well. 
One main difference between the two techniques i that the power series method can only work 
for these two cases in which the potential has spherical symmetry and reduces to three independent 
double-well potentials in the one-dimensional case, but the Hill determinant approach deals with 
multidimensional systems with potential functions having symmetry (a~j = a jl) and unsymmetry 
(a~s ~ Ol) perturbation. 
In Tables 1 and 2 emphasis is specially placed on the larger values of Z 2, because the eigenvalues 
for different states Eooo, Eloo, Eo~o, Eol 1, E1 lo, Elo 1, E~ 11 have almost degenerate eigenvalues. As 
Z 2 increases, the magnitude of the splitting between these levels decreases, i.e., 
[Ell l  - Eooo[ = IEl~o - Elool = AE ~ 0,as is clear from the listed results in Tables 1 and 2, and 
this confirmed the results conjectured by the works [2-8, 11, 16, 19] for the case of a double-well 
potential in a one-dimensional system. 
We plot our results in Tables 1 and 2 for the energy levels Eooo, Eloo, E1xo, E~I  for different 
values of 0 ~< Z2~< 102.We can observe in these two figures that the four energy levels are 
degenerate for higher values of Z 2. 
When the potential V(x,y, z; 2, Z 2) is separable, i.e., axr = a~ = arz = 0, the total energy 
E,~,,~,,~ of a state is the sum of three components, E~ = E~ + Er + E~, but when axr = a:,~ = ay~ ~ 0 
the potential is nonseparable and the total energy of a state is the sum of six components, 
Et = E~ + Er + E~ + E~r + Ex, + Er~, when the system is separable; it is clear that the splitting AE 
vanishes for higher values of Z 2, in contrast o nonseparable system, and this is clear from our listed 
results. 
It should be pointed out that the energy levels characterized by eigenstates 5U~oo, ~o~o, 7Jool 
and 7J~1o, 7Jo11, 7J~ol remain triply degenerate and unsplit for symmetry perturbation as 2 is 
varied from the value of zero. This means that the perturbation does not break the degeneracy of 
the perturbed system, but for the case unsymmetry perturbation the triplet degenerate l vels split 
into three, and this is confirmed by our results in Tables 1-3. 
In Table 3, we used the Hill determinant approach to calculate the eigenvalues for the 
double-well potential over a wide range of 0 ~< Z 2 ~< 10~tnd 10-1 ~< 2 ~< 10for various eigenstates 
(nx, nr, nz) with even-symmetry such as (0, 0, 0), (1, 1, 1). However, from a practical viewpoint 
handling even-symmetry eigenstates i preferable, because it is simpler, and their computat ion is
more quickly performed and requires less memory than unsymmetry eigenstates such as (1, 0, 0), 
(0, 1, 0), (0, 0, 1), (1, 1, 0), (1, 0, 1) and (0, 1, 1). 
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Table 4 
Convergence for some eigenvalues for E . . . .  ~.,, of the double-well potential V(x, y, z; Z 2, 2) for 
the case axx = ayy = azz = axr = ax~ = ar~ = 1 for several sets of parameters Z 2 and 2, for 
various values of the renormalization parameter ~. The empty spaces mean the eigenvalues 
cannot be obtained with these values of ct 
Z 2 2 Eoo 0 ~x E l l  1 
10 
100 
2.979101249 6 12,15 5 
2.9791012497021 10 12.152484632613 10 
5 2.9791012 15 12.152484632613 15 
2.979 20 12.153 20 
2.96 5 5 
10 2.966792858513 15 13.60057109079 15 
2.96679 20 13.60058 20 
6 10 
7.8 10 32.388509 18 
100 7.8169607618 18 32.388509290684 28 
7.816960761885 28.64 32.38850929 35.8 
7.816962 40.64 32.38851 40.8 
20 20 
14.1726 30 63.98 30 
1000 14.172681010597 40 63.983107617911 40 
14.172681010596 50 63.983107617911 50 
14.172681010597 60 63.98310761791 60 
Table 5 
Comparison of some eigenvalues of the double-well potential in the three-dimensional system (with axx = ayy = azz = 1) 
Z 2 2 nx ny n~ axy = axz = ayz = 0 Method used axy = axz = ayz = 1 Method used 
and reference and reference 
0 0 0 1.590543135726 Finite- 1.899836514901 Inner 
1 0 0 2.960198605385 difference 3.554222083911 product 
0 1 
1 1 0 4.329854075043 [16] 5.421219000110 [17] 
1 1 1 5.699509544702 7.461705760510 
0 0 0 2.391305419873 Finite- 2.979101249702 Inner 
1 0 0 4.573304862951 difference 5.680980617571 product  1 5 
1 1 0 6.755304306028 [16] 8.763121921428 [17] 
1 1 1 8.937303749106 12.152484632613 
0 0 0 6.157044238745 Finite- 7.816960761885 Hypervirial 
1 0 0 11.921656921048 difference 15.026747056152 [15] 
10 100 
1 1 0 17.686269603352 [7] 23,285442110881 
1 1 1 23.450882285656 32.388509290684 
0 0 0 9.864795077711 Finite- 14.172681010597 Hypervirial 
1 0 0 20.749211062404 Difference 28.519927292174 [15] 
100 1000 
1 1 0 31.633627047096 I-7] 45.291408065403 
1 1 1 42.518043031789 63.983107617911 
Note: The results with all digits are the Hill determinant approach calculations, and those with underlines correspond to 
other methods used. 
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Table 6 
Comparison of some eigenvalues of the double-well potential calculated by the Hill 
determinant approach with those corresponding available results in the literature 
(with axx = art = azz = 1, axr = a~z = arz = O) 
Z 2 2 n x n r n~ Hill determinant Other results and 
reference 
0 0 0 1.3050262775574 1.305026277557418 
0.5 1 1 0 0 2.5369171833151 2.536917183315115 [8] 
1 1 0 3.7688080890728 3.768808089072812 
1 1 1 5.0006989948305 5.000698994830509 
0 0 0 0.2066787722823 0.206678772284 
1 0 0 0.9942997970720 0.99429979707 
2 1 [3] 
1 1 0 1.7819208218617 1.78192082186 
1 1 1 2.5695418466515 2.56954184665 
0 0 0 - 5.1152141418597 - 5.115214141859745 
1 0 0 -5.0354804423844 -5.035480442384448 [11] 
5 1 1 1 0 -4.9557467429092 -~955746742909151 
1 1 1 -4.876013043433 -4.876013043433854 
It is important o point out that the adjustable parameter a plays an important role in the 
convergence of our calculations. The best a values in this calculation have been obtained by 
numerical search, so our calculation reveals the importance of finding the best values of the 
adjustable parameter c~. The general consideration governing our choice is that, as 2 increases, the 
value of ~ increases. Table 4 compares ome samples for the convergence of our results for various 
values of the adjustable parameter ~for the states ~111 and kgooo. 
As suggested by the referee, a comparison with the results of other methods has been made in 
Tables 5 and 6 for the double-well potential V(x ,  y, z; Z 2, 2), for various values of Z 2, 2 and several 
sets of eigenfunctions, for two special cases. The first comparison was with numerical results which 
were already available [3, 8, 11] for the cases such as a~,x = ary = az~ = 1, ax~ = axz = arz = 0. The 
second comparison involved our own recalculations using the methods of other workers [-7, 15-17] 
for the two cases, i.e., axx = ayr = azz = 1, axr = axz = ayz = 0 or 1. Such a comparison shows that 
the present echnique is highly accurate. 
We have avoided the phenomenon of bogus convergence by computing the energy eigenvalues 
for different values of the adjustable parameter e. To select the correct convergence nergy we 
require stability against the various values of the adjustable parameter a. 
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